The quasi-static code WAKE [P. Mora and T. Antonsen, Phys. Plasmas 4, 217(1997)] is upgraded to model the propagation of an ultra-relativistic charged particle beam through a warm background plasma in plasma wakefield acceleration. The upgraded code is benchmarked against the full particle-in-cell code OSIRIS [Hemker et al.,
The quasi-static code WAKE [P. Mora and T. Antonsen, Phys. Plasmas 4, 217(1997) ] is upgraded to model the propagation of an ultra-relativistic charged particle beam through a warm background plasma in plasma wakefield acceleration. The upgraded code is benchmarked against the full particle-in-cell code OSIRIS [Hemker et In order to better understand the physics in existing experiments and guide future experiments, kinetic simulation codes with efficient algorithms are required. In full particle-in-cell (PIC) models, such as in OSIRIS 6 , numerical stability conditions require resolving every scale thereby making full PIC models computationally expensive. Computational efficiency can be achieved using either boosted frames 7 or the quasi-static approximation (QSA). In the QSA, the disparity of the time scales of the evolution of beam driver and that of the background plasma allows one to achieve computational efficiency. For highly relativistic electron beam drivers, the time scale of evolution is the betatron period τ b = √ 2γ b λ p /c which 'beam particles' for which full equations of motion rather than quasi-static equations are solved. The code was then benchmarked against experiments, the full PIC code OSIRIS and the three dimensional (3D) quasi-static code QuickPIC 11 . The code was also benchmarked for PWFA studies for a non-evolving beam driver 11 .
In this paper we further upgrade the code to include the evolution of the electron beam driver as it propagates through the plasma. In the new version of the code, the background plasma can have non-zero temperature. The upgraded code is benchmarked against 3D OSIRIS and 3D QuickPIC simulations. The effect of plasma temperature on the amplitude of the accelerating electric field is studied for a two bunch electron beam driver with parameters representative of the PWFA experiments at FACET. Theoretical studies using one-dimensional warm fluid theory show that non-zero plasma temperature limits the amplitude of the electric field 12, 13 . On the other hand, one-dimensional (1D) Vlasov simulations show that the initial plasma temperature is reduced in the first accelerating bucket behind the driver and thus the wake amplitude becomes insensitive to initial plasma temperature.
14 . In the blowout regime in 2-D, the on-axis longitudinal electric field forms a sharp peak behind the beam driver. Two dimensional simulations using the quasi-static code LCODE have shown that the amplitude of the spike is suppressed for non-zero plasma temperature 10 . Here, we show that although the non-zero plasma temperature reduces the amplitude of the peak in two dimensions (2D), in agreement with other studies 10 , it does not affect the energy gain or spread of the accelerated particles. Additionally, the peak electric field converges slowly with grid resolution for a cold plasma 15 . We show that a non-zero plasma temperature can provide a faster numerical convergence for the electric field values.
The next section presents the quasi-static equations for warm plasma particles and the full equations of motion for beam particles. Section III presents the benchmark studies against the codes OSIRIS and QuickPIC. The effect of plasma temperature is discussed in section IV. Section V ends the manuscript with our conclusions. In the transverse Coulomb gauge and azimuthal symmetry, the electromagnetic fields are described by the electro-static potential φ and vector potential A = (0, 0, A z ). The equations of motion for plasma particles can be obtained from the Hamiltonian 
Here γ 0 and p z0 are the relativistic factor and z-component of linear momentum of a plasma particle due to the initial non-zero temperature. The constant of motion for finite plasma temperature was earlier used to find trapping conditions of plasma particles 16 . Replacing γ in Eq. 1 by its expression in terms of p r , p θ and p z , we find,
The azimuthal component of linear momentum can be written as p θ = l z /r p , where l z is the z-component of angular momentum of the plasma particles and is a constant of their motion.
Using the transformation ξ = ct − z and Eq. (1),the radial components of the equations of motion of the plasma particles become dp r dξ = γ c(γ 0 − p z0 /m e c − qψ/m e c 2 )
where
The quasi-static equations for the plasma wakefields can be obtained from Maxwell's equations using the transformation ξ = ct − z.
Here, the total current J = J p + J b has contributions both from plasma current J p and beam
Driver beam particles are evolved on a longer time scale according to the following equations of motion.
Here a suffix 'b' has been added to the beam particle variables in order to distinguish them from plasma particles. First, equations for the plasma particles and the wakefields, Eqs. (2)- (7), are solved in the r-ξ computational domain and then the equations of motion for beam particles, Eqs. (8)- (11), are advanced in time t.
B. Two bunch electron beam driver
An electron beam driver with two electron bunches, namely, a drive and a witness bunch, is loaded in the simulations. The two bunch driver corresponds to plasma wakefield experiments at the Facilities for Accelerator science and Experimental Test beams (FACET) 17 .
The witness bunch follows the drive bunch and is accelerated in the wakefield generated by the drive bunch. The separation between the two electron bunches is chosen to optimize the quality of the accelerated bunch, i.e., to achieve high energy gain and low energy spread.
The number density of the two bunch driver is expressed as,
The drive and witness bunches are centered at (0, ξ d ) and (0, ξ w ) with peak densities n d
and n w , which fall off along the beam axis in a distance of √ 2σ zd and √ 2σ zw , respectively.
The radial size of both bunches is √ 2σ r . A single electron bunch driver can be obtained by setting n w = 0 in Eq. (12).
III. BENCHMARK STUDIES: COMPARISON WITH OSIRIS AND QUICKPIC
We benchmark the code WAKE for plasma wakefield acceleration studies against the full particle-in-cell simulation code OSIRIS 6 and the 3D quasi-static code Quick-PIC 8 . In the OSIRIS simulations of Hemker et al. 6 , a single bunch electron beam driver was used and thus we take n w = 0. We take the r-ξ computational domain size to be 10 c/ω For the comparison of WAKE and Quick-PIC simulations, we consider a two bunch electron beam driver. The plasma and beam parameters for the simulations are shown in Table I . The density of the cold background plasma in this case is taken to be n p = 5 × 10 16 cm −3 giving c/ω p = 23.7µm. These parameters are similar to those chosen by An et al. 18 except that the initial emittance of the beam is zero in our case. In both QuickPIC and WAKE simulations, the energy spectrum of the witness bunch peaks at approximately 44.5 GeV after propagating a distance of ≈ 1.49 m (Fig. 2) . Since the initial energy of the witness bunch is 23 GeV, the energy gain is approximately 21.5 GeV. Thus, the results of QuickPIC and WAKE simulations are in good agreement.
IV. EFFECT OF PLASMA TEMPERATURE ON ELECTRIC FIELD SPIKE
It has earlier been reported that non-zero plasma temperature can suppress the electric field peak that forms behind the beam driver 10 . We study, using WAKE, the effect of non-zero plasma temperature on the electric field spike for the two electron bunch case.
The plasma and beam parameters for the WAKE simulations correspond to two bunch experiments at FACET and are shown in Table I . shown in Table I . The other parameters are the same as for the two bunch driver. For a single bunch driver, cold electrons cross the axis in a much narrower region as compared with the two bunch driver case. Again, non-zero plasma temperature spreads the trajectories of plasma electrons over a broader region on the axis. This makes the charge density smaller in the axis crossing region in the case of warm electrons, and thus, suppresses the electric field spike.
In the top panel of Fig. 3 , the electric field profile has a flat region (indicated by an arrow) near the spike due to the beam load 20 of the witness bunch behind the driver bunch. The flat region has relatively uniform accelerating electric field and thus improves the quality of the accelerated electrons by reducing the energy spread. The parameters of the driver and witness bunch and distance between them can be tuned to optimize the flat region (magnitude of electric field and extent of the region) for a high quality accelerated beam.
Although a major portion of the witness bunch sits and is accelerated in the flat region, a finite number of electrons (at and very close to the location of the spike) can be accelerated by the spike electric field. Since the magnitude of the spike electric field drops with increasing temperature, a natural question arises: How does the plasma temperature affect the energy gain and energy spread? Figure 6 shows the energy spectrum of beam electrons after 1.14 meters of propagation for T e = 0 and T e = 5 eV. Based on the relatively uniform electric field ≈ 15 GV/m in the flat region in Fig. 3 , the expected energy gain after 1.14 m of propagation is 15 × 1.14 ≈ 17
GeV which is the same energy gain as obtained from WAKE simulation and shown in Fig. 6 .
The expected maximum energy gains by the peaks of the electric field spikes for T e = 0 and T e = 5 eV are 36 × 1.14 = 41 Gev and 24 × 1.14 ≈ 27.4 GeV, respectively. However we do not see any such energy gains in Fig. 6 . There is little difference in the two energy spectra.
The reason for this is explained in Fig. 7 . The location of the spike of the longitudinal electric field is indicated by an arrow in the top panel of Fig. 7 . A dashed vertical line connecting the top and bottom panel shows that the radial electric field in the bottom panel is inward (towards the axis) and thus defocussing for electrons at the location of the field spike. This defocussing radial electric field expels the beam electrons at the location of the spike away from the axis. In Fig. 7 , there are no beam electrons in the defocussing region, and therefore, the spike of the longitudinal electric field does not contribute to energy gain.
Although plasma temperature does not affect the energy gain and spread, it can effectively improve the numerical convergence of the electric field spike with grid size. The electric field spike has been shown to depend on the grid resolution in full PIC simulations using OSIRIS 15 .
The amplitude of the spike increases as grid resolution is increased. We saw similar behavior of the spike in WAKE simulations, as shown in Fig. 8 . The flat region in which the witness bunch sits does not depend on the grid size, however the peak of the electric field spike does depend on grid size. The bottom panel in Fig. 8 shows the dependence of E peak z on the grid size dξ for T e = 0 and T e = 5 eV. For cold plasma, the value of E peak z
does not seem to converge while it tends to converge to a finite value for T e = 5 eV. Similar behavior is observed for the case of a single bunch driver (n w = 0), shown in Fig. 9 . The reason for this behavior can be understood as follows. As long as the grid size is larger than the axis crossing region (confining charge) behind the electron beam driver, reducing the grid size will increase the charge density, and thus, the electric field at the spike. This is because the reduce grid volume still contain the same amount of charge. Once the grid size is comparable to the extent of the axis crossing region, the amplitude of the spike should converge to a finite value. For warm plasma, electrons cross the axis in a relatively broader region as compared to the cold plasma. This makes it possible to resolve the axis crossing region with a relatively large grid size.
V. CONCLUSION
We upgraded the quasi-static code WAKE to include the capabilities of modeling the propagation of an electron (charged particle) beam driver through a warm background plasma in plasma wakefield acceleration. The code was benchmarked against (1) published 3D results from the full particle-in-cell code OSIRIS for a single bunch electron beam driver and (2) the 3D quasi-static code QuickPIC for two bunch electron scheme with parameters corresponding to experiments at FACET. For the two bunch scheme, the spike of the electric field which forms behind the driver bunch is suppressed for a range of values of the plasma temperature attainable in plasma wakefield experiments. This is because non-zero plasma temperature leads to the axis crossing of the plasma electrons over a broader region, decreasing the charge density and thus electric field of the spike. However, the suppression of spike does not affect the energy gain and energy spread of the accelerated electrons because the spike is co-located with a defocussing region. Due to the broadening of the axis crossing region of plasma electrons for non-zero plasma temperature, the electric field spike can be resolved with coarser grid as compared to the one required for cold plasma, thus improving the numerical convergence of the electric field spike with grid resolution.
